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Boundedness 1K : field

Birki groupoid S Objects
: Var/1k

Morphisms : birational maps

G = Birn : (small) subgroupoid (e .g. G
= Bir(y))

Mora's I map to a set

Def A subset H = Mora (e .g . generating subsets
is p-bounded if (CH) is finite



Boundedness questions GEBirk
,

Mory fo I
· Mora p-bounded ?

· I ? p-bounded generating subsets

Examples
⑧ G = Birn, with Morg, Y) = 3%ifXe
m Boundedness questions of var· of certain

types (BAB conjecture by Birkar
,

... (

e .g. G = You proj · complexe cyd-fold ? Lo I
bounded ?



Examples X : smooth proj . var/1K

① P : Ant(x) -> Antix)/Auto(x)
↳

= p-bounded generators ES finitely generated

Than (Lesientre ; Dinh
, Ogniso , Yu ... )

7) X Ce .g . some BlpoingK3) s
. % .

Ant()/Ang') is not finitely generated



Examples X : smooth proj . var/1K

② HEPicCX) ample d = dir X

Bir() -> > o

o is Sh
.

if) := H**Hi

often unbounded forIf
We consider the ith dynamical degree :

di(f) := hiSh (Dinh-siboya

which is moreover independent of H



Examples X : smooth proj . var/1K

② ThulDiller-Faure) When dimX = 2
,
VfeBir(X)

d, (f) is an algebraic integer
7) feBirM1X2 . ) > 30 [cSsurfaces)
Thu p is

f 1 degd , if)

· (Blanc-Cantat) bounded 1120 S 22)
char =o charco

if I : S geom , irrat · surfaces ?

· McMullen) unbounded if I = 9 rat surfaces/c7



Groupoid of Mori fiber spaces
X : Famo variety/1 with P(X) = / (in-fact terminal)

MFCX : groupoid defined by

· Objects : Mori Fiber spaces -X

· Morphisms : compositions of Sarkisor links

Sarkisov program (Corti , Hason-Makeran)

E) MF(X) -> Birk is full
[Y/S] is Y



Examples
③ V bir . map yo, I between normal proj surfaces

n(f) := # geometric irreducible components of Exclf)

Suppose [1 : 1k) = 0
,
then If Bir(NP)

having an irreducible exceptional divior

with arbitrarily many geometric irred. comp.

enIIIIIIIIIIIIIIt it H111tGransf

Consequence The groupoid of rational surfaces/11
is not generated by n-bounded map



Examples
③ n(f) := # geometric irreducible components of Exclf)

For surfaces :

SSankisov links not of Type I/mre) =- 7.

is bounded (E boundedness of weak &P surfaces)
n (Type /cre) bounded () [i : 11) < &

(Iskovskikh 96 ; Bernascomi-Fanelli-Schneider-Zimmermann'2st

Classification of Sarkisov links in dim 2



(Frumkin ; Blanc-Chelfsov - Duncan-Prokhorov)Examples Lamy

# fix.y with X
, Y Sm . proj & 3-folds

V exceptional divisor. E of I
7. Sur proj more C S .t

.
Ec ... P=C

Def g(f) = man(g(C) ECEncDiu(f) Ec< PixC)
gon(f) = man (gon(c) I

The (BCDP) X 3-fold -> comic bundle. Then

both g(Bir()) and gonCir()) are unbounded

En Spreading out the undd construction in dim ?



Examples (Blanc-Chelfsov - Duncan-Prokhorov)
④ Def g(f) = man(g(c) ECEncDiu(f) Ec < pixC)

gon(f) = man (gon(c) I
Based on boundedness of weak Famo + 3-fold mmp :

(BCDP) [Sankison links X/2-Y/(diz or diT=of
have bounded genus and gonality
Cor X : solid Famo 3-fold
Both g(Bir()) and you (Bir(x)) are bounded



Recapitulation/ Goal of the talk

& In general , Birk) is not generated by maps

with "bounded centers" : already when div=

with (i : /] = 0
,

and din23 over I

⑪ If we allow "cancellation of centers 19

I

we have boundedness when div = 3

# When di ? 4
,
we have unboundedness

,

even after cancellation of centers



# Motivic invariants

& vanishing



Motivic invariants (Lin-Shinder) 1K : field
V f : x_*y between irreducible varieties/1K

Ex() := SueX" If is not an isomorphism at 27
↳
codim1 points

Def (f) = [() - [[i] 4(Bir/11]
JEEnLf") keEnY) ↳

set of irned . Var/1k
modulo birational equir

Laur c(X .E-y. , z) = cy) + c)



C and factorization centers X
, Y : smooth projective

c : [Bir · maps/1k] > [Bir/1] -> &[SB/1]SB

DEF

Here X-siY (=) XX
"

.c--> Yx 1PY

Given a weak factorization of f :X-Y
E
,

i.e . XX ,
x ... Xecte Y (WF)

%:: blowup or blowdom along smooth centers

Additivity = Csplf) = [[T] - [(S] @C/SB/1]
Tiblow-up s:

blow-down
centers centers

and it is independent of (f)



Vanishing results

Despite the unboundedness phenomena we've seen
earlier in dir 2, 3

Vanishing Thm Bir(X) = X (Bir/1k] is yew when
T

I · (Lin-Shinder-Zimmermann19) 1k perfect , dix = 2

· (LS22, '25) /k = dinX = 3
-

Prop(s) Assume Charl = 0 and X sur proj RC 3-fold

c (Dir(x)) < 4 · [C+PS - [C'xP]
C
,
C'Su

. proj itred , criesI S 5
.5. Jack) = Jac(() I

ppau

Torreli (Serve) =) only curves with g(geomirred . comp)=
·cut in <(Bir()



Prop(s) Assume Charl = 0 and X sur proj RC 3-fold

c (Dir()) < 4 · [Cont's - [x]
C
,
C'Su

. projirred , crwesI S 5
.5. Jack) = Jac(() I

ppau

Proof X , Y : Sun proj . RC 3-folds
Bir(X

, Y) =s /C++' c arwes] JK(PPAU/11)
f I > (J"(y)] - [J'()]
blow-up formula for
informediate Jacobian (Murre

, Benoist-Wittenberg
SPPAU/1) is a semi-simple abelian category => 13



TT Non-vanishing-

& unboundedness



Non-vanishing The (S zn,25) Assume chackk = 0
-

-

yeom . integral 1k-vaz with diB30(eg . DV")I B Cs(Bir(P) = 0

~boundedness Thm (LS'25) Same 11 and B
S

X := pxB
,
n := din X

.

MRC
Im (Bir(X) => T(Bir/i]->[Bir(t))

[D] -> [MRC-base of D]

contains a geometrically unbounded subgroup
H < (Birn->] bir

.

classes of dir =n -
2



Comments on the unboundedness Thu

Unboundedness Then (LS'25) X := pix B
I
n := dir X

.

Then

MRC
Im (Bir(X) => T(Bir/k]-> &[Bir/k](

[D] -> [MRC-base of D]

contains a geometrically unbounded subgroup
H < /Bir n ..2]

Def H--(Bir/1k] is called geometrically bounded

if5 proper flat morphism D-T of is-schemes

of finite type s .8 . Hi = <DIET()) < [ [Bir/it]



Comments on the unboundedness Thu

Unboundedness Then (LS'25) X := PxB
,
n == dir X. Then

MRC
Im (Bir(X) => T(Bir/k]-> &[Bir/k](

[D] -> [MRC-base of D]

contains a geometrically unbounded subgroup
H < (Birn-z]

VfEBir() with X smooth proper of dim n,

exceptional divisors off are ruled
,
so

Mmc((Bio() < [Birzn-2]



-Non-vanishingfor Cs(Bir(PY) K : field
Prop-NV C : smooth proj crive of g : / s .t . <(1) =%
Jac() (1)) + ↑ and j(c) # 1728. Then

[C] - [Jaic] *o E Csi (Bir(Pis)

Proof BlcP" = BlspicP"
↓ d Grander-Katy)

Cap
+
.. ..p Sync Blac= Blycico

S 124-cy di

↑
↳ Strate-pQ -

j
-> p Q

F
S

Cs(f) = [C] - [Jaic] to eG/SB/k]
A



-Non-vanishingfor Cs(Bir(PY) K : field
Prop-NV C : smooth proj crive of g : / s .t . <(1) =%
Jac() (1)) + ↑ and j(c) # 1728. Then

[C] - [Jaic] *o E Csi (Bir(Pis)

~roof of Cs(Bir(P) 0 (Assuming 1k =) K := (k(B)

5 elliptic curve E/K S.E . j(E) < 1 and5 E(K)

Exact · (Con-Parry)
0 -

E(k) -H(k
, E(5]) -> H(k, E) (5) -> 05 . E(K) 4 f.G. Ker

Kang-Neron) of H(K
, /5) X & is as in Prop-Nv

finite St X 17Hom(Galk , #/5) -d to infinite



Spreading out motivic invariants B : irred
. Vaz/1k

Suppose If E Bir(Pica) S
.%.

< (f) = [Cyp] - [C'= '] <( [Bir/1k(B)]
spread

for some crwes C
, c'/Kk() m Elis

,
I

I = 5 : pxB --- > p= B
& -BY
#

=> UCB S
.% . all eac div of pic -EU

- %
dominate U

mp(f) = [IxP'] - (I < P'] @X(Bi/1k]



Unboundedness constructions
is glom . integral 1k-vaz
with dimB > 0

,
charlh =0

The ubd the is reduced to

#p 7 a sequence [5a : Ja -> Bid
,
of ell. fib s

.t.

1)Sa : non isofriv. with a section & MW(5a) = /5

I 2) 3) is an Litaka fibration

3) Bir(Jd, in) = Bir (Jam/Bil

4) The finite part of the Stein fact, of
the j-map B --> p' of 32 has deg I d



Recapitulation
-En general , Birk) is not generated by maps

with "bounded centers" : already when div=

with (i : /] = 0
,

and din23 over I

⑪ If we allow "cancellation of centers 19

I

me have boundedness when div = 3

# When di ? 4
,
we have unboundedness

,

even after cancellation of centers



Thank you !


